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YYV give, in thé la ngu ag e o f  functions and au to m or phis m « o f  b i-
nary relations, a characterization o f  the interval o f  cardinal num bers  
[u>o,*2u'u] and o f  the interval o f  cardinal nu m bers (к, A], where к and A 
are un cou nta ble  bet.hs.

In this paper we shall use the standard set theoretical and graph 
theoretical terminology. The* cardinality of a set A is denoted by |A |. 
By P ( X )  we denote the family of all subsets ol the set A . By ш =  cu0 

we denote the first infinite ordinal number. Simultaneously, üj0 denotes 
the cardinality of the ordinal number w. We shall identify any ordinal 
number С with the set. of all those ordinal numbers which are strictly  
smaller than ( . and we shall identify some functions with their graphs.

For any ordinal number £, the £ -th  cardinal number from the hier-
archy of bet.hs is denoted by </(.-. Namely, we put by recursion

(/(I — U,’().



and, for a limit ordinal number C,

«< =  U K  : Ć < C b

If and Л are arbitrary cardinal numbers, then by (л-., A] we denote  
the set,

{//, : Ц is a cardinal number and к < ц <  A}.

In works [I], [2] and [5] some combinatorial properties of isomor-
phisms and automorphisms of binary relations (such as graphs, parti-
tions, partial orders and trees) are considered.

In this paper we will use the corresponding combinatorial properties  
of trees for finding a characterization of various intervals of cardinal 
numbers.

By an oriented tree we shall mean a tree with a root. In addition,  
we shall assume, in our further considerations, that a tree is oriented  
from the root. We shall identify a, tree T  with the corresponding set of  
ordered pairs and by V ( T )  we shall denote the set of all vertices of T.

We announced in [3] the following theorem.

T h e o r e m  1 . Le/, E  be a .set such that, | / i |  >  3. Then the  following  
two conditions are  equivalent:

1 )  u* < \ E \ <  2“'°.

2 ) there exis ts a function f  : E —> E such that

(a ) there exists .r„ 6  E  such tha t  | / —1 ( ;Co)I — |E\ and, for every  
•V €  E  \  {.r0}, we have  | / - l (:r)j <  2,

(b ) the  group o f  all au tom orph ism s  o f  the  s tructure  ( E , f  ) is 
trivial.

Proof. Suppose that un <  \E\ < 2^°. Let .V be a s qqubset of P(ui) 
of the cardinality |Z?|. We dehne the following tree Y:

Y  — {((.S',» ) , (.S',n  +  1)) : .S' €  X  k  n £  ш} U



{((.S', V ),(>', И .0 )) : S  G X  к  n G .S'} u {(0, (.S-,0 )) : .S' e  X } .

It is clear that the tool of the tree Y  has |£ |  successors and any  
other vertex of V has at most 2 successors.

The function

V' -1 U { (0 ,0 )}  : V ( Y )  —» V'(V')

has the required properties and. since |V'(V’)| =  |/? |, the proof of im -
plication ( I ) =»> (2) is done.

Suppose now thal, condition (2) holds. Lot

./' : E  -+ E

he a. function which has the properties (a) and (h) and suppose that

*Yi <  |£ |  <  2U'" 

does not hold. There are t wo possibilities:

|£ |< u .-o  or |C | >  2“'°.

Since | / i |  >  :L the possibility \E\ < u>0 contradicts the conjunction  
of the properties (a) and (b).

Suppose now that \E\  > 2W0 holds and .rn G E  is such an element 
that

i r V o l l  =  \E\-

Let
z  =  . \  Г/ V . l )  g -.-} .

It is dear that the sot Z  has the cardinality |/?|. For every element 
z  G Z,  lot T- bo a tree given by the formula:

Ts = { ( * J ( x ) )  : .r G E  fc ( 3k  G w \  { 0  } ) ( /* (* )  = z)} .

It is clear that | l ’(T’-)| <  u.’,, for every c G Z.  Hence, there are at 
most 2U,° many non-isomorphic trees in the family {T: : z  G Z} .  Thus, 
there are two distinct elements and ~2 in the set, Z  such that the



trees 7'-, and Г-2 a ie  isomorphic. From this fact we deduce that the  
elem ents Ci and are similar in the graph

{ ( x , f ( x ) )  : x  G E }

and thus there exists a nontrivial automorphism of the structure ( E,  / ) .  
Hence, Theorem 1 is proved.

In the characterization of intervals of the form we shall
apply the oriented t гее T  from [4], which was used there for the solution  
of one of Uhun’s problems and one problem about uniformization.

Let Ru( E)  denote relation (2) from Theorem 1 and, for any nonzero  
ordinal number £, let R^ ( E)  denote the following property of the set 
E:

( i)  (VC )(C  <  £ = ► ( £ ) ) ,

( ii)  (3 ./•)(./• : E  -+ E  к  (3.r„ 6  E ) ( \ f - ' ( . v 0)\ =  \E\ к  (Vy G E \
I/ “ 1 ( //) I G и,- V (3Ç < O d W - ' Ш ) )  к  the structure 

( E , f )  has no nontrivial automorphism).

T h e o r e m  2 . Let \E\ > 3 and let, £ be a nonzero ordinal number. 
Then

\E\  G (fl(;,rt£+i] R-z(E).

Proof. We shall prove the theorem by transfinite induction on £. 
At. the beginning we shall prove that

\E\ G &  Ri {E) .

Let us remark that the inductive step is very similar to the proof  
of th is equivalence.

Suppose that \E\  G (« i,«* ]. Then, by Theorem 1, we get - iR o(E ).  
We shall show now that condition (ii) holds for the case £ =  1.

Let u>c, be the initial ordinal number of cardinality « ,. For any 
71 £  üJ \  {()}. we define:

/ 1, =  { (0 ,u>«') :u>ft > 6 },



A.+i = {(o?̂ ‘ + . . .  + w6' , ^ 1 + ...•+■ w6, + <^’,+1 ) :

- V .  >  6  >  6  >  • • • >  & . + I  } •

Let 7' be an oriented tree defined by ( lie formula

T  = \ J{An : »  6  w \  {()}}.

The tree T  has the following properties:

1) (71-1 ) U {(().())} is the graph of a function,

2 ) every vertex of the tree T  which is not the root (i.e. which is not
equal to 0 ) has less than ч.\ successors and the root has precisely 
«i successors.

3 ) T  is a rigid tree (i.e. the oriented tree /' has a trivial group of
automorphism s).

The proof of properties 1) and 2) is easy. The property 3) of the 
tree T  is proved in [4].

Let (Mj )j çi  be a one-to-one enumeration of all subsets of шс,. For 
every i £  / .  we deline t he following trees:

7 « . =  {((£ , '/,) .(» /. Л /,)): (* ,,,) € 7 ’}

U {((£. Л/,-). (£. Л /,,0)) : £ 6  Л/,}.

It is easy to see that, for every i £  / ,  the tree 7д/, is rigid. Moreover, 
if i , j  E I and i ф j , then the sets V{'I'm , ) <«id V ( T m ,) are disjoint and 
the trees 7л/, and IM,  are non-isomorphic.

Suppose now that .1 is a subset of /  of cardinality | / i |  £  (« 1, 112]. It 
is easy to show that the tree

N =  и{7д/, : ; e  ./}  U {(0 ,(0 , Л/,)) : i 6  J )

has properties analogical to 1 ). 2) and 3). where in the property 2) the  
cardinal number «1 is replaced by the cardinal number \E\.

The function

(.S -1) U {(0 .0 )}  : V'(.S') -  V ( S )



has the required properties and, since the set V (8 )  of all vertices of the 
tree S  has cardinality \E\ ,  we get the required function

/  : E  -> E.

Hence, the implication

\E\  £  («ь  «a] =* R-t(E)

is proved.
The proof ol t he opposite implication is analogical to the proof of  

the implication
fi o (E)  => \E \ £  [do,r/j] 

from Theorem I, but it is necessary to use Theorem 1 in this proof.

C o ro llar y . For any  two nonzero ordinal num bers  £ and  ?/, the  
following equivalence holds:

\E\  e  («*,«„] (3C)(£ <  с <  V к  R( ( E) ) .
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W pracy przedstawiona została algebraiczna charakteryzacja, w 
języku funkcji i automorlizmów relacji binarnych, przedziałów liczb  
kardinalnych.
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