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ON VITALI CONSTRUCTION
FOR COMMUTATIVE GROUPS
WITH QUASIINVARIANT MEASURES

We discuss an analogue of the classical Vitali construction of
a Lebesgue nonmeasurable set for uncountable commutative groups
equipped with nonzero e—finite quasiinvariant measures.

Let R be the additive group of the real line, @ be the subgroup
of R consisting of all rational numbers and let A denote the standard
Lebesgne measure on R. The classical Vitali theorem (see [13]) states
that every selector of the family R/Q) is nonmeasurable with respect
to A (the same vesult holds for any conntable dense subgroup H of R
and for all selectors of the tamily R/IT). This important theorem was
generalized in several divections (see, e.g., [1], [2], [5], [8]. [11], [12],
[14]). In particular. some generalizations and analogues of the Vitali
theorem were obtained for locally compact topological groups equipped
with the Haar measure (see, for instance, [4] or [3], Section 4). The
aim of the present paper is to show that many questions arising nat-
urally in connection with this theorem can completely be solved, for
unconntable commmntative groups, without the aid of any topological
methods. Namely, we shall establish, in our further considerations, the
corresponding analogue of the Vitali theorem for uncountable commu-
tative groups equipped with nonzero o-finite quasiinvariant measures.
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The notation and terminology used in the present paper are stan-
dard. Asusnal, w denotes the first infinite cardinal number, w; denotes
the first uncountable cardinal number, 2% denotes the cardinality of the
continum. A set Y is conntable if card(Y) < w. If [ is an arbitrary
function, then dom([) denotes the domain of f. Let {X;:7 € I} be a
family of nonempty pairwise disjoint sets and let E = U{X; : 7 € I}.
We say that a set X C F is a partial selector of {X; : i € I} if, for each
index 7 € I, we have the inequality card(X N X;) < 1. Furthermore,
we say that a set X C FE is a selector of {X; : ¢ € I} if, for each
i € I, we have the equality card(X N X;) = 1. Obviously, every partial
selector of {X; : i € I} can be extended to a selector of {X; :7 € [}.
Various selectors appear naturally in the situation where two groups
G and Il are given such that H C (. For instance, let (G, +) be a
commutative group and let H be a subgroup of (. We say that a set
X C ( is an [l-selector (respectively, a partial H-selector) if X is a
selector (respectively, a partial selector) of the family (7//H canonically
associated with /1. In onr considerations we suppose, as a rule, that
H is a nontrivial (i.e. nonzero) subgroup of .

Let ((7.-) be an arbitrary group and let g be a measure defined
on some o-algebra of subsets of (7. We recall that yp is a G-invariant
measure if dom(p) is invariant with respect to the group of all left
translations of 7 and pu(gY) = pu(Y') for each ¢ € G and for each Y €
dom(yt). A more general concept is the concept of a G-quasiinvariant
measure. For a given measnre g on (7, let us denote by Z(¢) the class of
all yi-measnre zero sets. We recall that p is a G-quasiinvariant measure
if the classes of sets dom(pu) and Z(y) are invariant with respect to the
group of all lelt translations of (7. Clearly, every G-invariant measure is
simultaneously a (/-quasiinvariant measure. The converse assertion is
not true, in general. Let us observe that if we have a nonzero o-finite G-
quasiinvariant (G-invariant) measure g on (7, then we can easily define
a probability (7-quasiinvariant measure » on (i such that dom(v) =
dom(p) and Z(v) = Z(pu) (in other words, g and v are equivalent
measures). This simple observation will be applied below.

Of course, one can introduce the concept of a G-invariant measure
(G-quasiinvariant measure) with respect to the gronp of all right trans-
lations of (7. Il the original group ¢/ is commutative, then two concepts
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of a G-invariant (G-quasiinvariant) measure are identical.

Now, let us fix an uncountable commutative group (G, +) with a
nonzero o-finite (/-quasiinvariant measure p defined on some o-algebra
of subsets of (7. In connection with the above-mentioned Vitali theo-
rem, the following four questions arise in a natural way.

Question 1. Let H be an infinite countable subgroup of . Is it
true that all /-selectors are nonmeasurable with respect to p?

Question 2. Let /[ be a nontrivial conntable subgroup of G. Is
it trune that there exists at least one H-selector nonmeasurable with
respect to g

Question 3. Let H he a countable subgroup of ¢ and let G/H =
{Xi:i € [I}. Is it true that there exists a subset .J of I such that
all selectors of the partial family {X; : 7 € J} are nonmeasurable with
respect to 7

Question 4. Let / be an uncountable subgroup of ¢ such that
card(G//H) = card((/). Is it true that there exists at least one H-
selector nonmeasurable with respect to pu?

One can show that the answer to Question 1 is negative. Moreover,
in [6] a measure g is constructed satisfying the following conditions:

1) g is defined on some g-algebra of subsets of the real line R;

2) pis a nonzero nonatomic o-finite measure;

3) dom(A) is contained in dom(p);

4) for each Lebesgne measurable subset X of £ with A(X) = 0, we
have p(XX') = 0;

5) for each Lebesgue measnrable subset X of R with A(X) > 0, we
have ;i(X') = +oc;

G) g is invariant with respect to the group of all isometric transfor-
mations of R (in particular, g is invariant with respect to the group of
all translations of R);

7) there exists a g-measurable Q-selector.

Thus, we see that there exists a Vitali subset of B measurable with
respect to a certain nonzero o-finite R-invariant measure on K.

Also it is not difficult to show that the answer to Question 4 is
negative (see, e.g., [7]). Indeed, let us put ¢ = R%, where R? is the
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Euclidean plane, and let us take as H the subgroup {0} x R of G.
Evidently, we have the equalities

card(G/H) = card(R) = card(G) = 27.

Denote by A% the usual two-dimensional Lebesgue measnre on (7. Fur-
ther, let P he the o-ideal of subsets of (7, generated by the family of
all H-selectors. It can easily be checked that P possesses the following
properties:

a) P is invariant under the group of all translations of (7

b) A2(X) = 0, for each set X belonging to P, where A? denotes the
inner measure associated with A%,

Starting with these two properties of P and applying the standard
argnment (see, e.g., [7]), it is not difficult to prove the existence of a
measure s on (¢ such that

(1) p is an extension of A?;

(2) p is a G-invariant measure;

(3) P is contained in dom(y);

(4) u(X) = 0 for each set X € P.

In particular, we see that all H-selectors are measurable with re-
spect to .

Remark 1. Let n > 0 be a natural number, B be the n-dimensional
Euclidean space and let A" denote the n-dimensional Lebesgue measure
on R*. Finally, let H he an arbitrary unconntable subgroup of the
additive group of . Suppose that Martin’s Axiom and the negation of
the Continunum Hypothesis ave fullilled. Then it can be proved (see [1])
that there exists a measure y on " satislying the following conditions:

(1) g is an extension of A" |

(2) p is an R™-invariant measure;

(3) all H-selectors are measurable with respect to y;

(4) if X is an arbitrary /-selector, then p(X) = 0.
Now, we are going to show that the answers to Questions 2 and 3 are

positive. Moreover, we shall establish a much stronger result (see The-
orem | helow). First we shall formulate several auxiliary propositions.
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Lemma 1. Let {X; : i € I} be a lamily of pairwise disjoint sets
such that card(X;) > 1, for all indices i € I, and let X be a partial
selector of {X; : 1 € 1}. Then there exist two selectors Yy and Yy of
{Xi:i€e I} satisfving the equality Yy N Y, = X.

This lemma is trivial. From it we immediately obtain the next
proposition,

Lemma 2. Let IY be a set equipped with a measure j and let
{Xi 7 € I} be a partition of I such that card(X;) > 1, for all
i € I. Suppose also that there exists a partial selector of {X; :i € I}
nommeasurable with respect to the measure j. Then there exists a
selector of { X : 1 € [} nonmeasurable with respect to p.

Let iy be a group equipped with a probability (/i-quasiinvariant
measure jiy, let G5 he another group and let [ be an arbitrary homo-
morphism from Gy onto (/5. We denote

S={Y CGy: [TY(Y) € dom(p)}.

Obviously, S is a g-algebra of subsets of the group (74, invariant with
respect to the group of all left translations of (5. We define a functional
ftz on S by the formula

w(Y)=m(f7'(Y)) (Y eS).

[t is easy to see that the following proposition holds.

Lemma 3. ji; is a probability (iy-quasiinvariant measure on (7.
Moreover, il the original measure puy is Gy-invariant, then py is (7y-
invariant.

Notice, in connection with Lemma 3, that if gy is an arbitrary
o-finite (/-quasiinvariant (respectively, (i-invariant) measure on the
gronp (71, then the measure gy on the gronp Gy, defined by the same
formula, is (7-quasiinvariant (respectively, (7y-invariant) but we cannot
assert, in general, that sy is o-finite.

The next lemma plays the key role in our further considerations.

Lemma 4. Let (7 be an uncountable commutative group equipped
with a nonzero o-finite (-quasiinvariant measure p. Then there exists
a subgroup I' of ( nonmeasurable with respect to .
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Lemma 4 was proved in [9]. Here we want to remark only that
the proof of this lemma is essentially based on some combinatorial
properties of the Ulam (w x wy)-matrix and on a well known theorem
from group theory. concerning the algebraic structure of commutative
groups (more precisely, the above-mentioned theorem states that every
commutative group can he represented as the union of a countable
family of subgroups each of which is the direct sum of cyclic groups).

In addition, we may assume in Lemuma 4, without loss of generality,
that the subgroup I' of 7 is uncountable. Indeed, it is sufficient to
apply Lemma 4 to any G-quasiinvariant extension » of g such that
dom(r) contains all conntable subsets of (7.

From Lemma 4 we can deduce the following

Lemma 5. Let (i be a commutative group with a nonzero o-finite
G-quasiinvariant measure p and let H be a subgroup of (i satisfying
the inequality card(G//H) > w. Then there exists a subgroup T of G
such that

1) H is contained in T';

2) T is nonmeasurable with respect to .

Proof. We may assume, without loss of generality, that p is a prob-
ability measure on (7. Let us denote by f the canonical homomorphism
from the given gronp  onto the factor gronp ¢//H and let ns pnt

S={Y CG/H: YY) € dom(p)}.
Further, let us define a measure v on the a-algebra S by the formula
w(Y) = pu(fN(Y)) (Y €S).

According to Lemma 3, v is a probability ((:/H )-quasiinvariant mea-
sure on the unconntable group (/H. According to Lemma 4, there
exists a subgroup I'* of (v/H nonmeasurable with respect to . Let us
put [' = [~1(I"™). Then one can easily verily that I' is a subgroup of 7
nonmeasurable with respect to g and

H=ker(J) = [7(0) C [7'(I") =T.

Thus, Lemma 5 is proved.
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Lemma 6. Let (¢ be an uncountable group equipped with a
nonzero o-finite (-quasiinvariant measure p. Then there exists a sub-
set of (¢ nonmeasurable with respect to p.

This lemma was proved in [5]. Notice that a stronger result can be
established for o-finite invariant measures (see [11]). But the method
used in [11] does not work for o-finite quasiinvariant measures.

Now, we can formulate the following result.

Theorem 1. Let ( he an uncountable commmutative group equipped
with a nonzero o-finite C(-quasiinvariant measure p and let H be a
countable subgroup of (;. Denote by (/11 = {X; :i € [} the partition
of (i canonically associated with 1. Then there exists a subset .J of [
such that

1) the union of the partial family {X; : 7 € J} is a subgroup of ¢
nonmeasurable with respect to p;

2) all selectors of {X; : ¢ € .J} are nomneasurable with respect to
TS

3) il H is a nontrivial subgroup of (i, then there exists an H-selector
nommeasurable with respect to p.

Proof. Applying Lemma 5, we see that there exists a subgroup I’
of (7 such that
HCT, T ¢dom(p).

Since I'/H C (/. we can write
Pill = {X;i4¢ €4} X 08 1T
for some .J C [. Obviously, we have the equality
I =X e L)
Consequently, relation 1) holds for {X; : ¢ € J}. Further, let X be an
arbitrary selector of {X; :7 € J}. We assert that X is nonmeasurable

with respect to pr. Suppose otherwise, i.e. X € dom(p). Then we have

F=uU{h+X:heH},
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where all sets h + X are pg-measurable. Taking into account the fact
that [ is a conntable subgroup of (7, we get I' € dom(p) which yields
a contradiction. Thus, X does not belong to dom(y), and relation 2)
holds for {X; : 7 € J}. Finally, applying Lemma 2 to the partition
G/H of (i) we immediately obtain that relation 2) implies relation 3).
The proof of Theorem 1 is complete,

Remark 2. Unfortunately, Theorem 1 cannot be generalized to the
class of all nneconntable gronups with nonzero o-finite quasiinvariant
measures. Indeed, Shelal proved in [10] that there exists a group
with the following properties:

a) card((¥) = wy;

b) G does not contain a proper uncountable subgroup.

Let us take such a gronp  and let us lix a countable subgroup H
of (. Further, denote by S the o-algebra of subsets of the group @,
generated by the family of all conntable subsets of (7. Oue can easily
define a probability G-invariant measure g on S such that p(Y) = 0
for each conntable subset Y of (. Now, it is clear that, for (G, ) and
H, an analogne of Theorem | does not hold.

However, we have the [ollowing result (cf. [7]).

Theorem 2. Let (i be an arbitrary uncountable gronp equipped
with a nonzero o-finite G-quasiinvariant measure j and let {X; : i € I}
be a partition of (i such that

| < card(X;) < w.

for all indices i € I. Then there exists at least one selector of {X; 1 i €
I'} nonmeasurable with respect to the measure p. In particular, if H
is a nontrivial countable subgroup of ( and {X; : i € I} is an injective
family of all left (right) H-orbits in (i, then there exists a selector of
{Xi : i € I} nommeasurable with respect to .

Proof.  According to Lemma 6, there is a subset ¥ of ' non-
measurable with respect to . Taking into account the inequalities
card(X;) < w for all i € I, we easily dednce that the set Y can be
represented in the form

Y =U{Y, :n <w},
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where each set V), is a partial selector of {.X; : 2 € I}. Since Y does not
belong to dom(), there exists a natural number n such that Y, also
does not belong to dom(p). Finally, applying Lemma 2, we conclude
that there exists at least one selector of {X; : i € I} nonmeasurable
with respect to pu.

Remark 3. Let B be a set equipped with a measure g and let
{X;:i € I} be a partition of E such that 1 < card(X;) < w for all
indices 7 € I. Actnally, the argnment used in the proof of Theorem 2
shows that the next two assertions are equivalent:

1) there exists a subset of £ nonmeasnrable with respect to

2) there exists a selector of {X; 17 € [} nonmeasurable with respect
to .

We can prove some analognes of the preceding results in a more
general sitnation. Namely, let (' be an uncountable group, S be a o-
algebra of subsets of (7 and let P be a o-ideal of subsets of (¢ such that
P C S. Suppose also that the following relations arve fulfilled:

a) S is invariant under the group of all left translations of (v

bh) P is invariant under the group of all left translations of

¢) the pair (S. P) satislies the Suslin condition (i.e. the countable
chain condition).

Then a result similar to Theorem 2 holds for ¢, (S, P) and a non-
trivial conntable subgroup H of G\ In addition, if (' is a commutative
group, then a result similar to Theorem 1 holds for ¢, (S, P) and a
countable subgroup H of (7, The proofs of those results are based on
the corresponding analognes of lemmas presented above.

In particular, we can formulate the following topological result.

Theorem 3. Let (¢ be an uncountable commmutative group and let
T be a topology on (i such that

a) ((,T) is a second category topological space;

b) the o-algebra of sets having the Baire property in ((,T') is in-
variant under the group of all translations of (7;

¢) the o-ideal of first category sets in (G, T') is invariaut under the
group ol all translations of (i;

d) the space (G. 1) satisfies the Suslin condition (i.e. the countable
chain condition).
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Further. let. H be a countable subgroup of (7 and let G/H = {X; :
i € I} be the partition of (i canonically associated with H. Then there
exists a subset .J of I such that

1) the union of the partial family {X; : i € J} is a subgroup of ¢
without the Baire property in (G, T);

2) all selectors of {X; : i € J} do not have the Baire property in
(G, T);

3) il H is a nontrivial subgroup of (i, then there exists an H-selector
without the Baire property in (G, T).

In the similar way we can formulate a topological result analogous
to Theorem 2.
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KONSTRUKCJA VITALIEGO
DLA PRZEMIENNYCH GRUP
7 MIARAMI PRAWIE NIEZMIENNICZYMI

W pracy rozwaza sie analogon klasyczne] konstrukeji Vitaliego dla

nieprzeliczalnych  grup  przemiennych  z o-skonczonymi  miarami

prawie niezmienniczymi.
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