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Dynamical systems invariant under the action of the l-conformal Newton–Hooke algebras are constructed 
by the method of nonlinear realizations. The relevant first order Lagrangians together with the 
corresponding Hamiltonians are found. The relation to the Galajinsky and Masterov [24] approach as well 
as the higher derivatives formulation is discussed. The generalized Niederer’s transformation is presented 
which relates the systems under consideration to those invariant under the action of the l-conformal 
Galilei algebra [25]. As a nice application of these results an analogue of Niederer’s transformation, on 
the Hamiltonian level, for the Pais–Uhlenbeck oscillator is constructed.
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1. Introduction

The Newton–Hooke algebra is a generalization of the Galilei one 
to the case of nonvanishing cosmological constant leading to the 
universal cosmological repulsion or attraction (see, e.g., [1–3]). It 
is derived from the (anti) de Sitter algebra by the nonrelativis-
tic contraction in a similar way as the Galilei algebra is obtained 
from the Poincaré one. The main difference between Galilei and 
the Newton–Hooke algebras is that in the latter case the structure 
relations involving the generators of time and space translations 
yield the Galilei boosts: [H, Pi] = ± 1

R2 Ki . The positive constant R
is called the characteristic time (and is related to the radius of 
the parent (anti) de Sitter space). The upper/lower sign above is 
realized in nonrelativistic spacetime with the negative/positive cos-
mological constant Λ = ∓ 1

R2 .
Conformal extensions of the Galilei and Newton–Hooke algebras 

have recently attracted considerable interest, mostly in the context 
of the nonrelativistic AdS/CFT correspondence (see [4–6] and the 
references therein). Finite-dimensional extensions are parameter-
ized by a positive half-integer l [7–10], which justifies their name: 
l-conformal algebras. The dynamical realizations of the l-conformal 
Galilei and Newton–Hooke algebras involve, in general, higher 
derivatives terms (see, e.g., [11–18]). However, it is also possible 
(using the method of nonlinear realizations [19–21]) to construct 
invariant dynamics involving only second derivatives [22–24]. The 
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method proposed in Refs. [22–24] allows for elegant and algorith-
mic construction of invariant dynamical equations. However, there 
remains an open problem if they admit Lagrangian and Hamilto-
nian formalism. In Ref. [25] it has been shown that this is possible 
for the case of the l-conformal Galilei algebra.

In the present paper, first, we apply the method developed in 
[25] to the case of the l-conformal Newton–Hooke algebra and we 
construct the invariant dynamics in terms of the first order La-
grangian and Hamiltonian formalism (Sections 2 and 3). Moreover, 
we compare our approach with the one reported in Ref. [24] as 
well as with the Pais–Uhlenbeck theory (Section 4).

The second part of the paper is devoted to the problem of 
Niederer’s-type transformations. In Section 5 we construct an anal-
ogy of the celebrated Niederer’s transformation [26] for our ap-
proach, and we show that it leads to the results in [25] obtained 
for the l-conformal Galilei algebra; the relevance of Niederer’s 
transformation in the context of the both algebras, for the case 
l = 1

2 , was also discussed in Ref. [27]. On the other hand, on the La-
grangian level, the generalization of Niederer’s transformation has 
been also extensively studied for the Pais–Uhlenbeck system with 
odd frequencies (i.e., frequencies proportional to the consecutive 
odd integers); see, e.g., [28–30]. However, its Hamiltonian coun-
terpart seems to be more involved due to the lack of the direct 
transition to the Hamiltonian formalism for a theory with higher 
derivatives. We solve this problem and give (see, Section 6) the 
explicit form of the canonical transformation which relates the 
Pais–Uhlenbeck Hamiltonian (with odd frequencies) to the one for 
the free higher derivatives theory.
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2. Conformal mechanics

The prototype of all conformal groups is the one acting in 
(1 + 0)-dimensional spacetime, locally isomorphic to SL(2, R); 
for the recent developments in conformal mechanics see, e.g., 
Refs. [31–33]. In order to construct the conformal Newton–Hooke 
dynamics, i.e., the dynamics of the conformal particle in the har-
monic trap, we must modify the Hamiltonian by adding the con-
formal generator. Thus we choose the basis of the sl(2, R) algebra 
as follows

[H, D] = i(H ∓ 2K ),

[D, K ] = iK ,

[H, K ] = 2iD. (1)

It is worth to note that, although we only change the basis (H →
H ± K ) of sl(2, R) algebra, this alters the dynamics and, conse-
quently, the dynamical realizations of the algebra.

Let us consider the decomposition based on D as the stability 
subgroup generator. Then the coset space is parametrized as fol-
lows

w = eit H eizK , (2)

and the action of the SL(2, R) group is defined by

geit H eizK = eit′ H eiz′ K eiu′ D , (3)

which can be explicitly found by taking the representation spanned
by

H = i(−σ+ ± σ−), K = iσ−, D = − i

2
σ3. (4)

It reads,

t′ = arctan

(
α tan t + β

γ tan t + δ

)
,

z′ = (
(α sin t + β cos t)2 + (γ sin t + δ cos t)2)z,

+ 1

2

(
β2 + δ2 − α2 − γ 2) sin 2t − (γ δ + αβ) cos 2t,

u′ = − ln
(
(α sin t + β cos t)2 + (γ sin t + δ cos t)2), (5)

in the oscillatory case (+), and

t′ = arctanh

(
α tanh t + β

γ tanh t + δ

)
,

z′ = (
(γ sinh t + δ cosh t)2 − (α sinh t + β cosh t)2)z,

+ 1

2

(
β2 − δ2 + α2 − γ 2) sinh 2t + (αβ − γ δ) cosh 2t,

u′ = − ln
(
(γ sinh t + δ cosh t)2 − (α sinh t + β cosh t)2), (6)

in the hyperbolic one (−); here, g = ( α β

γ δ

) ∈ SL(2, R). Due to 
Eq. (1) the Cartan forms w−1dw ≡ i(ωH H + ωK K + ωD D) coin-
cide with those in the old basis and read

ωH = dt ωK = dz + z2dt, ωD = −2zdt. (7)

However, the transformation rules change and take the form

ω′
H = eu′

ωH , (8)

ω′
K = e−u′

ωK + (±e−u′ ∓ eu′)
ωH ,

ω′
D = ωD − du′. (9)
The covariant derivative of z is defined as the ratio of the Cartan 
forms

∇z = ωK

ωH
= ż + z2; (10)

one can easily obtains

∇z′ = e−2u′∇z ± e−2u′ ∓ 1. (11)

In order to construct the invariant dynamics it is sufficient to find 
the action integral invariant under the dilatation subgroup. This 
can be easily done by taking the Lagrangian

L0 =
√

ż + z2 ± 1, (12)

or the corresponding Hamiltonian

H0 = −1

4pz
− pzz2 ∓ pz, (13)

with {z, pz} = 1. The Lagrangian (12) (or the Hamiltonian (13)) 
leads to the following equation of motion

z̈ + 6zż + 4z3 ± 4z = 0. (14)

The above equation contains the whole family of conformal mod-
els. In fact, with the substitution

z = ρ̇

ρ
, (15)

suggested in Refs. [23] and [34], Eq. (14) yields

d

dt

(
ρ̈ρ3 ± ρ4) = 0, (16)

or

ρ̈ = γ 2

ρ3
∓ ρ, (17)

i.e., conformal particle in the harmonic trap.
Let us note that the replacement

t → it, z → −iz, (18)

performed in Eq. (14), relates the oscillatory case (+) to the hy-
perbolic one (−). This, together with the transformation rules de-
scribed by the first equation of (5) and (6) implies the following 
change of the action of the SL(2, R) group:

g =
(

α β

γ δ

)
→ g′ =

(
α iβ

−iγ δ

)
. (19)

Note that both realizations of SL(2, R) are equivalent but not re-
lated by an inner automorphism.

To get rid of the square root in the action integral one can fol-
low the standard procedure by writing

L1 = −γ 2η − 1

2η

(
ż + z2 ± 1

)
, (20)

where γ is an arbitrary constant while η is an adjoint field trans-
forming according to η′ = e−u′

η.
Now, let us perform a simple canonical analysis. The primary 

constraints read

χ1 ≡ pη ≈ 0, χ2 ≡ pz + 1

2η
≈ 0, (21)

while the Hamiltonian is written as

H1 = γ 2η + 1 (
z2 ± 1

) + uη pη + uz

(
pz + 1

)
, (22)
2η 2η
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uη , uz being the appropriate Lagrange multipliers. Imposing

d

dt
pη ≈ 0,

d

dt

(
pz + 1

2η

)
≈ 0, (23)

we find no new constraints while

uz = 2γ 2η2 − (
z2 ± 1

)
, uη = −2zη. (24)

So the constraints (21) are of the second kind. This allows us 
to eliminate pη and pz at the expense of introducing the Dirac 
bracket and finally we obtain

H D = γ 2η + z2 ± 1

2η
, {z, η}D = 2η2. (25)

Putting

η = 1

ρ2
, z = pρ

ρ
, (26)

one arrives at the standard form

H D = 1

2
p2
ρ + γ 2

ρ2
± 1

2
ρ2, {ρ, pρ} = 1. (27)

3. Dynamical realizations of the l-conformal Newton–Hooke 
algebras

The l-conformal Newton–Hooke algebra (in three-dimensional 
case) is spanned by the generators H, D, K satisfying (1) together 
with so(3) generators Jk and 2l + 1 additional generators 	C (n) , n =
0, 1, . . . , 2l obeying[

H, 	C (n)
] = i

(
n	C (n−1) ± (n − 2l)	C (n+1)

)
,[

K , 	C (n)
] = i(n − 2l)	C (n+1),[

D, 	C (n)
] = i(n − l)	C (n),[

J i, C (n)

k

] = iεikmC (n)
m . (28)

Consider the nonlinear action defined by selecting the subgroup 
generated by 	J and D . With such a choice we are not dealing with 
the symmetric decomposition. However, the generators H, K and 
	C (n) span the linear representation under the adjoint action of the 
stability subgroup. Therefore, our realization linearizes on it. In or-
der to construct the invariant dynamics it is sufficient to respect 
the invariance under rotations and dilatation.

Let us choose the following parametrization of the coset mani-
fold

w = eit H ei	x(n) 	C (n)

eizK ; (29)

note the difference with respect to the parametrization used 
in [24].

The Cartan forms

w−1dw = i
(
ωH H + ωD D + ωK K + 	ω(n) 	C (n)

)
, (30)

are given by Eqs. (7) together with

	ω(n) =
n∑

p=0

(
2l − p

2l − n

)
(−z)n−p(

d	x(p) − (p + 1)	x(p+1)dt

∓ (p − 1 − 2l)	x(p−1)dt
)
. (31)

The forms 	ω(n) are vectors under SO(3) while under dilatation

	ω′ (n) = e(l−n)u′ 	ω(n). (32)
Define the covariant derivatives

∇	x(n) ≡ 	ω(n)

ωH
, (33)

with the dilatation dimension l − n − 1. Let 	λ(n) be additional 
(adjoint) variables with dilatation dimension n − l. Consider the 
following first order Lagrangian

L = −γ 2η − 1

2η

(
ż + z2 ± 1

) +
2l∑

n=0

	λ(n)∇	x(n). (34)

By the very construction it yields the invariant action functional. 
The equations of motion are of the form

2γ 2η2 − (
ż + z2 ± 1

) = 0,

η̇ + 2zη = 0,

	̇x(n) − (n + 1)	x(n+1) ∓ 	x(n−1)(n − 1 − 2l) = 0, n = 0, . . . ,2l,
2l−p∑
n=0

(
2l − p

n

)
d

dt

(
(−z)n	λ(n+p)

)

+ p
2l−p+1∑

n=0

(
2l − p + 1

n

)
(−z)n	λ(n+p−1)

± (p − 2l)
2l−p−1∑

n=0

(
2l − p − 1

n

)
(−z)n	λ(n+p+1) = 0. (35)

We see that they decouple. The first two describe the conformal 
mechanics in the harmonic trap. Then, there is a set of equations 
for 	x(n) describing higher derivatives system. Let us note that in 
our approach we do not need to perform the redefinition of time 
as in Ref. [24]. Finally, once z(t) is determined one can solve the 
last equation for 	λ(n); they do not impose any further constraints 
on z.

Finally, let us note that extending the transformation rules (18)
by

η → −iη, 	λp → ip	λp, 	xp → (−i)p	xp, (36)

one can transform the Lagrangian (34) from the oscillatory to the 
hyperbolic case.

Our Lagrangian, being of the first order, provides an example of 
a constrained system. Following [35], the Hamiltonian dynamics is 
given by

H = γ 2η + z2 ± 1

2η

+
2l∑

n=0

	λ(n)

n∑
p=0

(
2l − p

2l − n

)
(−z)n−p

× (
(p + 1)	x(p+1) ± (p − 1 − 2l)	xp−1), (37)

together with

{
x(n)

a , λ
(m)

b

}
D = zn−m

(
2l − m

2l − n

)
δab,

{z, η}D = 2η2,{	λ(k), η
}

D = 2(2l − k)η2	λ(k+1). (38)

Again, it is straightforward, although slightly tedious, to check that 
Eqs. (37) and (38) yield the correct dynamics.



408 K. Andrzejewski / Physics Letters B 738 (2014) 405–411
4. Pais–Uhlenbeck oscillator

It has been shown in Ref. [30] that for l half-integer (i.e. 2l is 
odd) the Pais–Uhlenbeck oscillator of order 2l + 1 [36]

L = (−1)l+ 1
2

2
	x

l+ 1
2∏

k=1

(
d2

dt2
+ ω2

k

)
	x, (39)

with odd frequencies ωk = (2k − 1)ω = (2k − 1) (in what follows 
we put ω = 1

R = 1), k = 1, 2, . . . , l + 1
2 enjoys l-conformal Newton–

Hooke symmetry (in fact, it is the maximal symmetry group).
In order to compare this finding with our results, let us note 

that for the l half-integer, we can put the oscillator system defined 
by the decoupled equations for 	x’s

	̇x(n) − (n + 1)	x(n+1) ∓ 	x(n−1)(n − 1 − 2l) = 0,

n = 0, . . . ,2l, (40)

into the unconstrained Hamiltonian form. To see this we define

H =
l− 3

2∑
k=0

	pk	qk+1 + 1

2
	p2

l− 1
2

±
(

−
l− 3

2∑
k=0

(k + 1)(2l − k)	qk 	pk+1

+ 1

2

(
l + 1

2

)2

	q2
l− 1

2

)
, (41)

which corresponds to our change of the basis H → H ± K in the 
algebra of the free theory; the standard Poisson brackets read

{qka, p jb} = δkjδab. (42)

The Hamiltonian (41) together with the Poisson brackets (42) yield 
the following equations of motion

	̇qk = 	qk+1 ∓ (2l + 1 − k)k	qk−1,

	̇pk = ±(k + 1)(2l − k)	pk+1 − 	pk−1,

	̇ql− 1
2

= 	pl− 1
2

∓
(

l + 3

2

)(
l − 1

2

)
	ql− 3

2
,

	̇pl− 1
2

= ∓
(

l + 1

2

)2

	ql− 1
2

− 	pl− 3
2
, (43)

for k = 0, . . . , l − 3
2 ; which after making the substitution

	qk = k!	x(k),

	pk = (−1)l− 1
2 −k(2l − k)!	x(2l−k), (44)

for k = 0, . . . , l − 1
2 , become equivalent to Eqs. (40).

On the other hand, let us observe (see, [37] and [38]) that the 
Hamiltonian (41) is related (in the (+) case) through a canonical 
transformation to the one for the Pais–Uhlenbeck Lagrangian (39), 
i.e.,

H =
l+ 1

2∑
k=1

(−1)l+ 1
2 −k

2

(	P 2
k + (2k − 1)2 	Q 2

k

)
. (45)

So, in the case of l half-integer there exists an alternative Hamilto-
nian formalism with no additional variables. On the contrary, for l
integer the auxiliary dynamical variables 	λ’s are necessary.
5. Generalized Niederer’s transformation

As it was mentioned before, the l-conformal Newton–Hooke 
algebra is a counterpart of the l-conformal Galilei one in the 
presence of a universal cosmological repulsion or attraction. Since 
these algebras are isomorphic we expect that they dynamical re-
alizations should be related to each other in analogy to the case 
of l = 1

2 , where their realizations (motion of the free particle and 
a half-period motion of the harmonic oscillator) are related by fa-
mous Niederer’s transformation [26]. In this section we will show 
that the realizations obtained in the preceding sections are also 
related, by a counterpart of Niederer’s transformation, to the ones 
obtained in [25] for the l-conformal Galilei algebra.

It is worth to notice that this fact holds for both l integer and 
half-integer. However, in the second case (as we saw in the pre-
ceding section) we have at our disposal an alternative Hamiltonian 
formalism – the Pais–Uhlenbeck Hamiltonian with odd frequencies. 
In the next section, we will apply the results obtained here to that 
important case.

First, let us denote with tilde the dynamical variables entering 
the realizations of the l-conformal Galilei algebra1 and define

κ̃(t̃) =
{√

1 + t̃2 (+) oscillatory case,√
1 − t̃2 (−) hyperbolic case.

(46)

Then κ̃ satisfies the following useful relations

˙̃κκ̃ = ±t̃, ˙̃κ2 = ±1 ∓ 1

κ̃2
,

¨̃κ = ± 1

κ̃
−

˙̃κ2

κ̃
, (47)

and, consequently, the equation of motion for the conformal me-
chanics ¨̃κ = ± 1

κ̃3 .
Now, we define a counterpart of Niederer’s transformations as 

follows

t = arctan t̃, (+) case;
t = arctanh t̃, (−)case;
z = κ̃2 z̃ − ˙̃κκ̃. (48)

First, by the direct calculations, we can check that the action of 
the SL(2, R) group on (t, z) (Eqs. (5) and (6)) transforms into the 
one for (t̃, ̃z), (cf. Ref. [25]). Next, we verify that the Lagrangian 
(12) transforms exactly (no total time derivative is needed) into 
the one obtained in [25], i.e.,

L̃0 =
√

˙̃z + z̃2. (49)

The same situation occurs on the Hamiltonian level. Indeed, defin-
ing

pz = p̃z

κ̃2
, (50)

we obtain the time dependent canonical transformation, which 
transforms the Hamiltonian (13) into the conformal one, i.e.,

H0
dt

dt̃
+ ∂ F

∂t
= −1

4p̃z
− p̃z z̃2 = H̃0, (51)

where

1 However, for simplicity, the derivatives with respect to t̃ are also denoted by 
dots.
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dt

dt̃
= 1

κ̃2
, (52)

while F0(z, p̃z, ̃t) = p̃z(zκ̃−2 + ˙̃κκ̃−1) is the generating function for 
the transformation (48) and (50).

Moreover, adding the following transformation rule for the dy-
namical variable η

η = κ̃2η̃, (53)

we obtain the generalization of Niederer’s transformation for the 
Lagrangian (20).

Next, we supply the transformations (48) and (53) by the ones 
for the remaining dynamical variables

	x(p) =
p∑

m=0

(
2l − m

2l − p

)
(− ˙̃κ)p−mκ̃m+p−2l	̃x(m),

	λ(p) = κ̃2l−2p 	̃λ(p), (54)

where p = 0, . . . , 2l. Now, making the substitution defined by 
Eqs. (48), (53) and (54) in the Lagrangian (34) and using Eqs. (47)
together with the following identities

0 = (m − p)

(
2l − m

2l − p

)
+ (2l − p + 1)

(
2l − m

2l − p + 1

)
,

0 = m

(
2l − m + 1

2l − p

)
− (p + 1)

(
2l − m

2l − p − 1

)

+ (2l − m − p)

(
2l − m

2l − p

)
, (55)

we arrive, after straightforward but rather tedious computations, at 
the Lagrangian invariant under the action of the l-conformal Galilei 
algebra (see, [25])

L̃ = −γ 2η̃ − 1

2η̃

( ˙̃z + z̃2)

+
2l∑

n=0

n∑
p=0

	̃λ(n)

(
2l − p

2l − n

)
(−z̃)n−p

× ( ˙̃	x(p) − (p + 1)	̃x(p+1)
)
. (56)

Let us stress that there is no total time derivative entering the 
transformation rule.

6. Niederer’s transformation for Pais–Uhlenbeck model on the 
Hamiltonian level

Let us recall (see, Ref. [30]) that the Pais–Uhlenbeck oscilla-
tor described by the Lagrangian (39) is related to the free higher 
derivatives theory, defined by the Lagrangian

L̃ = 1

2

(
dl+ 1

2 	̃x
dl+ 1

2 t̃

)2

. (57)

The relevant transformation reads

t = arctan t̃, 	x = κ̃−2l	̃x. (58)

However, passing to the Hamiltonian counterpart of this trans-
formation we encounter some difficulties; there is no straightfor-
ward transition to the Hamiltonian formalism for Lagrangians with 
higher derivatives (in general, we have to introduce some auxil-
iary variables and next apply the Dirac’s method for constraint 
systems). We will fill this gap below. Namely, using the results 
from the preceding sections, we construct a canonical transforma-
tion relating the Hamiltonian (41) to the one corresponding to the 
free theory, i.e., the Ostrogradski Hamiltonian corresponding to the 
Lagrangian (57):

H̃ =
l− 3

2∑
k=0

	̃pk 	̃qk+1 + 1

2
	̃p2

l− 1
2
. (59)

We will work in terms of the variables q’s and p’s and Hamil-
tonian (41) since in this approach the Pais–Uhlenbeck Hamiltonian 
(for odd frequencies) is the sum of the Hamiltonian and the con-
formal generator (at time zero) of the free theory which perfectly 
corresponds with the relation between the l-conformal Galilei and 
Newton–Hook algebra. An explicit form of the canonical transfor-
mation between q’s and p’s and the decouple harmonic variables 
as well as Ostrogradski ones will be given in the forthcoming paper 
[38]; what enables to find this transformation in both remaining 
approaches.

Let us start with the crucial observation that the relations (44)
can be used also in the case of the free theory and that Eqs. (54)
define Niederer’s-type transformation in our Lagrangian formalism 
(with no total time derivative entering). Following this idea we ob-
tain the transformation

	qk =
l− 1

2∑
m=0

bkm 	̃qm,

	pk =
l− l

2∑
m=0

(
b−1)

mk
	̃pm +

l− l
2∑

m=0

cmk 	̃qm, (60)

where

bkm = k!
m!

(
2l − m

2l − k

)
(− ˙̃κ)k−mκ̃m+k−2l,

cmk = (2l − k)!
m! (−1)l− 1

2 −k
(

2l − m

k

)
(− ˙̃κ)2l−k−mκ̃m−k,

(
b−1)

mk = (−1)k+mκ̃4l−2m−2kbmk (61)

and, by definition, 
(k

m

) = 0 if k < m. We will check that Eqs. (60)
define, on the Hamiltonian level, an analogue (to the classical case 
l = 1

2 ) of Niederer’s transformation relating Pais–Uhlenbeck model 
with odd frequencies and the free higher derivatives theory, i.e.,

H
dt

dt̃
+

(
∂ F

∂ t̃

)
= H̃; (62)

where F is the generating function for the transformation (60) and 
both sides are expressed in terms of q̃’s and p̃’s.2

First, by the standard calculations we check that Eqs. (60) de-
fine a canonical transformation. Further, we find the generating 
function

F (	q0, . . . , 	ql− 1
2
, 	̃p0, . . . , 	̃pl− 1

2
, t̃)

=
l− 1

2∑
k=0

	̃pk 	̃qk(	q0, . . . , 	ql− 1
2
, t̃)

+ 1

2

l− 1
2∑

k,m=0

akm	qk	qm, (63)

where

2 Eq. (62) is the well know transformation rule for the Hamiltonian, under a 
canonical transformation, in the case when time variable.



410 K. Andrzejewski / Physics Letters B 738 (2014) 405–411
akm = (−1)k+m(2l − k)!(2l − m)!
k!m!(l − 1

2 − k)!(l − 1
2 − m)!

(−κ̃ ˙̃κ)2l−k−m

(2l − k − m)
= amk, (64)

and, by virtue of (60)

	̃qm(	q0, . . . , 	ql− 1
2
, t̃) =

l− 1
2∑

k=0

(
b−1(t̃)

)
mk

	qk. (65)

To this end the identity

a∑
k=0

(−1)k
(

a + b

k

)
= (−1)a

(
a + b − 1

a

)
, 0 ≤ a, 1 ≤ b, (66)

appears to be very useful. Next, we prove Eq. (62): due to the fact 
that the Pais–Uhlenbeck model is traditionally considered in the 
oscillatory regime (cf. Eqs. (39) and (45)), we will focus on the (+) 
case; the (−) case can be treated in the same way or by using the 
observation that the transformation

	qk → (−i)l+ 1
2 +k	qk, 	pk → (−1)l+ 1

2 (−i)l− 1
2 −k 	pk, (67)

relates (+) and (−) cases.
Using Eq. (47) as well as the known properties of the bino-

mial coefficients we obtain, after straightforward but rather tedious 
computations, the derivative of F with respect to t̃ – expressed in 
terms of q̃’s and p̃’s:

∂ F

∂ t̃
(	̃q0, . . . , 	̃ql− 1

2
, 	̃p0, . . . , 	̃pl− 1

2
, t̃)

= 1

κ̃2

l− 3
2∑

m=0

(2l − m)(m + 1) 	̃pm+1 	̃qm

+ 2 ˙̃κ
κ̃

l− 1
2∑

m=0

(l − m) 	̃pm 	̃qm − 1

2κ̃2

(
l + 1

2

)2

	̃q2
l− 1

2
. (68)

So, to prove Eq. (62) it remains to express H in terms of q̃’s and 
p̃’s. The explicit calculations are troublesome so we will sketch 
only the main steps.

First we find the coefficients in front of the terms 	̃qm 	̃qm̄ . Using 
Eq. (47) and the identities (55) we derive the following relations

(k + 1)(2l − k)cm,k+1 − cm,k−1

= κ̃2cm−1,k − 2κ̃ ˙̃κ(l − m)cmk − (2l − m)(m + 1)cm+1,k, (69)

for k, m = 0, . . . , l − 1
2 . Next, applying the identity (66), we compute 

the expressions of the type 
∑l− 1

2
k=m cm̄kbkm . Due to the symmetry 

m ↔ m̄ the final result is of the form 1
2 (l + 1

2 )2 	̃q2
l− 1

2
, and by Eq. (52)

it cancels against the last term of Eq. (68).
To compute the coefficients in front of the terms bilinear in 

q̃’s and p̃’s, we first derive, by virtue of Eqs. (47) and (55) the 
following identity

bk+1,m − k(2l − k + 1)bk−1,m

= κ̃2bk,m−1 − 2κ̃ ˙̃κ(l − m)bkm − (2l − m)(m + 1)bk,m+1, (70)

for m = 0, . . . , l − 1
2 and k = 0 . . . , l + 1

2 . Using (70) and (52) we 
conclude that the final result contains three terms: two of them 
cancel against the first two terms of Eq. (68) and there only re-

mains the sum 
∑l− 3

2
m=0 	̃pm 	̃qm+1. Finally, it is quite easy to check that 

the only nonvanishing term bilinear in p̃’s is 1
2 	̃p2

l− 1
2

. In summary, 

we obtain the Hamiltonian H̃ (cf. Eq. (59)) and, consequently, the 
relation (62).
7. Conclusions

We have used the method of the nonlinear realizations to 
construct dynamical systems invariant under the action of the 
l-conformal Newton–Hooke algebra for both integer and half-
integer values of l. We put emphasis on the Lagrangian and Hamil-
tonian formulation. Therefore, instead of imposing invariant con-
straints on the Cartan forms we enlarged the stability subgroup 
(in order to abandon one constraint) and added new variables 
which allow us to construct a simple invariant Lagrangian in such 
a way that these new degrees of freedom do not enter the dy-
namics of the original ones. The resulting dynamical equations of 
motion are described by Eqs. (35). The characteristic property of 
Eqs. (35) is that they decouple. We have achieved this by the 
appropriate choice of the subgroup, on which the action of the 
l-conformal group linearizes (rotations and dilatation) and the spe-
cific parametrization of the coset manifold (cf. Eq. (29)).

We have shown that this description is universal in the sense 
that it works whether l is half-integer or integer. The difference 
between the case of l integer or half-integer is that the latter ad-
mits, besides the Hamiltonian formalism presented here, an alter-
native one where no additional variables are necessary, namely, the 
Hamiltonian formalism of the Pais–Uhlenbeck oscillator with odd 
frequencies. Note that, when 	λ(n) variables are present, the group 
action is no longer transitive and the phase space is not a coad-
joint orbit and cannot be directly obtained by the orbit method.

Next, we constructed an analogy of Niederer’s transformation 
relating the dynamics described in Sections 2 and 3 to the one 
constructed in Ref. [25] for the l-conformal Galilei algebra. More-
over, we use this transformation as well as the relations be-
tween our Lagrangian formalism and the Pais–Uhlenbeck theory 
to find the counterpart of Niederer’s transformation for the Pais–
Uhlenbeck oscillator on the Hamiltonian level. This is accomplished 
by the canonical transformation (60). We believe that this trans-
formation can be useful to extend Niederer’s transformation to 
the quantum version of the Pais–Uhlenbeck model as well as the 
study of its quantum symmetries. It is also tempting (especially 
in the context of the recent results [39]) to extend the present 
considerations to the supersymmetric case: in particular, to find 
supersymmetric extensions of Niederer’s transformations.
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and suggestions. The discussions with Joanna Gonera and Paweł 
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